The search for neutrinoless double beta decay requires increasingly advanced methods of background reduction. A bold approach to solving this problem, in experiments using 136 Xe, is to extract and identify the daughter 136 Ba ion produced by double beta decay. Tagging events in this manner allows for a virtually background-free verification of double beta decay signals. Various approaches are being pursued by the nEXO collaboration to achieve Ba-tagging. A Multi-Reflection Time-of-Flight Mass Spectrometer (MR TOF) has been designed and optimized as one of the ion-identification methods, where it will investigate the ion-extraction efficiency, as well as provide further identification of the Ba isotope. The envisioned mode of operation allows the MR TOF to achieve a quickly adjustable mass-range and resolution, with simulations suggesting that a massresolving power of 140,000 is within reach. This work will discuss the MR TOF design and the methods employed to simulate and optimize it.
Introduction
The Multi-Reflection Time-of-Flight Mass Spectrometer (MR TOF), as first proposed by H. Wollnik et. al. [1] , is becoming increasingly popular at radioactive ion beam facilities across the world [2, 3, 4, 5, 6, 7, 8] . This is in part due to its excellent performance as an isobar separator, as well as its ability to achieve a mass-resolving power in excess of 10 5 , with only milliseconds of measurement time [9] . Moreover, an MR TOF is capable of broadband mass measurements with high transmission efficiency (> 50%), and single ion sensitivity [10] . These qualities make the device suitable for use in an advanced method of background suppression, currently under development, called Ba-tagging. 136 Xe double beta decays (ββ) to 136 Ba, which is a stable isotope. This presents the opportunity to extract the daughter Ba ion from the detector volume, and identify it to corroborate detector signals [11, 12, 13, 14] . For a neutrinoless double beta decay experiment (0νββ), such as nEXO [15] , a future upgrade to take advantage of such a technique would eliminate all backgrounds, except for those created by ordinary ββ, and greatly increase the experimental sensitivity to 0νββ [16] . A candidate 0νββ event, in the nEXO liquid Time-Projection Chamber (TPC), can be localised to a volume with a characteristic dimension of a few mm [17] , with an ion fraction > 76% [18] . In a potential Ba-tagging scenario, the volume surrounding the decay daughter is extracted with a capillary in which the phase changes from liquid to gas. The ions extracted from the TPC are then separated from neutral Xe gas with a radio frequency ion-funnel (RF funnel) [19] . They are then cooled and bunched with a Linear Paul Trap (LPT), in which the Ba ion is identified with laser spectroscopy. Ion bunches are ejected from the LPT into an MR TOF for further analysis. An overview of the Ba-tagging setup is shown in Fig. 1 . The ion-extraction scheme, using the RF funnel, LPT and MR TOF will first be tested with "offline" radioactive and laserablation ion sources. For further discussion on the testing setup, see Refs. [20, 21, 22, 23] . Once Ba-extraction from Xe gas has been demonstrated, the scheme will be applied to a future upgrade of nEXO.
The MR TOF described in this work, will be used primarily for broadband mass measurements of the ion-extraction process. However, it also has the potential to provide secondary identification of the Ba ion, if sufficient mass-resolving power and efficiency is achieved (m/∆m > 100, 000).
The Multi-Reflection Time-of-Flight Mass-Spectrometer
Even though the working principle of an MR TOF is quite simple, there are multiple ion-optical considerations that make its optimization and operation challenging. The following will outline the machinery used to calculate and manipulate the mass-resolving power.
Ions with a mass-to-charge ratio m/q, that are accelerated by a potential energy gradient ∆U , are given a velocity of v = q m 2∆U .
(1) Fig. 1 The Ba-tagging setup envisioned as a potential upgrade to the nEXO experiment. Ions are extracted from the TPC with a phase changing capillary. They are then separated from the neutral Xe gas with a system of three deferentially pumped RF funnels, for which the design, combined with the results of gas dynamic simulations, are shown in the upper right corner. They are then cooled and bunched with an LPT, where the Ba ion is identified with laser spectroscopy, and ejected into an MR TOF for systematic studies of the ion-extraction technique. Radioactive (green line) and laser-ablation (red line) ion sources will be used to test the offline setup.
In principle, the time taken t, to traverse a path of length L, is proportional to the square root of the mass-to-charge ratio, t = L/v ∝ m/q. Hence, the massresolving power can then be expressed as R ≡ m/∆m = t/(2∆t). In reality, an ion bunch has a finite energy and spatial distribution when accelerated by ∆U . This results in a couple of effects that increase ∆t and reduce the resolving power. Firstly, inside the LPT some ions must reverse their momentum before they can accelerate into the MR TOF; this results in an effect called the turnaround time [24] . Secondly, ions are only given approximately the same kinetic energy, since they start at slightly different heights on the potential energy slope. Lastly, ions may be displaced from the optical axis, which contributes to differences in path length.
In an MR TOF, ion bunches are injected between 2 electrostatic mirrors for N turns, so that the flight path can be extended within a compact space [1] . The mirrors consist of 6 electrodes each and are located on both ends of a central drift tube. This configuration is based on the ISOLDE design [9] , and the components will be machined from aluminium and subsequently gold-plated. Two sets of x − y steerers and einzel lenses will be placed between the LPT and MR TOF to correct for any misalignment and control the beam focus, see Fig. 2 . The resolving power can be modeled with [9] where t 0 is the TOF from the LPT to the detector, without any turns in the MR TOF. T is the TOF for a single turn, ∆t 0 is the turn-around time and ∆T is the contribution to TOF dispersion per turn.
The ion transport in this work is modeled using transfer matrix formalism, which is used to describe the effects of ion optical devices and drift regions on an ion's trajectory [25] . The properties of an ion's trajectory can be described at any point in its flight with the vector X = [x, a, y, b, δ, t ], where x and y are transverse displacements, a = (∂x/∂t)/(∂z/∂t) and b = (∂y/∂t)/(∂z/∂t) are transverse angles, all of which are relative to a reference trajectory along the z axis [26] , δ = (K − K r )/K r is the deviation of an ion's kinetic energy K from the reference ion's kinetic energy K r . Likewise, t = t − t r is the difference in TOF of the considered ion from the reference ion. After a reflection in the MR TOF, ion properties can be expressed as [10] x =(x|x)x 0 + (x|a)a 0 + (x|xδ)x 0 δ + (x|aδ)a 0 δ + ... 
where the measurement point is taken to be the midplane between the coaxial mirrors. Optimization of the MR TOF can be achieved through precise manipulation of the coefficients in eqs. (3) (4) (5) (6) (7) . For example, (x|x) controls the parallel-to-point behaviour of the ion bunch through a reflection. If (x|x) = 0, the final x does not depend on initial x, i.e., the ions are focused to a point in the x plane. Moreover, the MR TOF can correct for the spread in kinetic energy through (t|δ), (t|δδ), (t|δδδ) etc. However, the manner in which these coefficients will be manipulated depends on the MR TOF's operation mode.
Operation Mode and Mass Range
It is clear that regardless of individual parameters, ions with the same m/q must arrive at the detector with as little dispersion in time as possible. This concept is known as a time-focus. The LPT creates a time focus that is a few cm from the exit of the trap. In typical MR TOF operation, the time-focus is shifted onto the detector over the desired number of turns N . This method requires a re-tuning of the mirror potentials, or adjustment of the ion's kinetic energy in the case of the ISOLDE design, should N change.
The mass range is inversely proportional to the resolving power, since heavier slower ions may begin to be overlapped by lighter quicker ones, to the extent that peaks in the final spectrum may not correspond to the same N . This is an important consideration for the MR TOF as a broadband mass analyzer. The unambiguous mass range can be expressed as [27] (m/q) max (m/q)
where t inj = λ inj T is the TOF from the LPT to the beginning of the exit mirror, and t mir = λ mir T is the TOF spent in the mirror for a single reflection. The unambiguous mass range depends strongly on N . Thus, it is preferable that the mirror potentials do not need to be re-tuned when the turn number is changed, so that the mass range and resolving power are easier to adjust. This is achieved through the method of time-focus shifting, as discussed in [27] , in which all intermediate reflections are tuned to be isochronous, whilst the first and last reflections are tuned to shift the time-focus to and from the centre of the drift tube, as shown in 
Simulation and Optimization
The MR TOF has been optimized and simulated and with SIMION 8.1 [28] , using simulated ions from an LPT currently under design at TRIUMF [29] . The simulated ion bunch used has a mean kinetic energy of 1163 eV with a Full Width Half Maximum (FWHM) of 23 eV. There are 6 potentials in the MR TOF mirrors that must be optimized in order to minimize 6 coefficients in eqs. (3) (4) (5) (6) (7) . Moreover, the MR TOF has several physical parameters that may be adjusted, namely the electrode length, spacing and radius, which is referred to collectively as a geometry, see Fig. 3 . The procedure for optimization is to select multiple geometries of interest and optimize the mirror potentials, so that their performance may be compared. Due to the large computing requirements, this was performed on the Compute Canada High Performance Computing clusters [30] . To optimize the mirror potentials, SIMION's native Nelder-Mead search algorithm was used. The algorithm takes in a scalar metric to minimize χ, which is calculated as a weighted sum of the coefficients to minimize χ = ω 1 (x|x) + ω 2 (y|y) + ω 3 (t|δ) + ω 4 (t|δδ) + ω 5 (t|δδδ) + ω 6 (t|xx),
where ω i are user defined weights. The simplex optimizer will only yield a local minima within a small neighbourhood of the starting potentials. As such, many starting potentials are generated randomly with a sobol sequence [31] and tested. The metric χ is calculated for each set of potentials and the 100 simulations with the smallest χ are selected for further optimization by the simplex optimizer. The resolution is then tested for the top performing candidate.
Simulation Results
The optimized parameters derived in this work are summarized in Table 1 . The corresponding resolution was calculated by simulating the TOF spectra in SIMION Table 1 The optimized and simulated MR TOF configuration for the LPT/MR TOF combination. The mirror potentials have been optimized for isochronous reflection. There may exist better configurations that have not yet been found.
Mirror Dimension (mm)
Mirror Potential (V)  L1 L2 L3 L4 L5 L6 Radius  V1  V2  V3  V4  V5  V6  15  15  15  25  25  41  18 1705 1206 1072 688 -479 -2018 Fig. 4 The simulated mass-resolving power as a function of N . The TOF spectrum is simulated with 1000 ions for various N , where a Gaussian fit is used to calculate the mass-resolving power with t/(2∆t) at FWHM. The MR TOF reaches a maximum mass-resolving power of ≈ 140,000, with ∆T = 0.2 ps (obtained through fit of eq. (2)), using the parameters t 0 = 30 µs and ∆t 0 = 7 ns.
for a varying N . A Gaussian function was fit to each of the spectra to extract the mean and FWHM. The calculated mass-resolving power versus N was then fit with eq. (2), from which, the TOF dispersion introduced with each turn, ∆T , is extracted. As shown in Fig. 4 , the MR TOF can reach a maximum mass-resolving power of m/∆m ≈140,000, with ∆T = 0.2 ps, using the parameters t 0 = 30 µs and ∆t 0 = 7 ns. Due to the large computing and memory requirements, the MR TOF geometry was only adjusted with mm precision, which is well above machining tolerances. Geometric parameters were also adjusted independently of each other, and as such, only a small fraction of the parameter space has been explored. It is likely that configurations with better resolving power exist. The mirror potential optimization procedure is currently limited by the (t|xx) parameter that degrades the time-focus if the beam width is over 2 mm.
The unambiguous mass range for the MR TOF has been calculated using eq. (8) with λ inj =0.63 and λ mir = 0.21, and it is shown in Fig. 5 as a function of N . The mass range drops sharply as a function of N and is well approximated by (N + 1)/N . A range of (m/q) max /(m/q) min ≈ 1.15 with m/∆m ≈ 50000 is possible. At m/∆m ≈140,000, the mass range is (m/q) max /(m/q) min ≈ 1.01.
Conclusions
In broadband mode, the MR TOF can have a mass range of (m/q) max /(m/q) min = 1.45 − 1.15 with a mass-resolving power of 20,000-50,000, respectively. This resolving power is sufficient to separate Xe from most ions produced by the aforementioned ion sources. In high resolution mode, the MR TOF can have a mass resolving power of 140,000, which is sufficient for isobaric separation, i.e., 136 Xe from 136 Ba. Since the mirror potentials are independent of N , the MR TOF has a quickly adjustable mass resolving power and mass range. This performance is sufficient for broadband mass measurements of the proposed ion-extraction process in Ba-tagging. The MR TOF can achieve third order time focusing, (t|δδδ) = 0, but the resolution is limited by the (t|xx) and (t|δδδδ) parameters. This issue will be investigated in future work. To mitigate the effect of (t|xx), the ion beam will be collimated to a maximum diameter of 2 mm, which will lower the MR TOF's acceptance of LPT ions to ≈ 60%.
